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Abstract 
The present paper investigates the vibration behavior of a cantilevered twisted Timoshenko beam with partially distributed 
Kelvin-Voigt damping. A finite element method is used to derive the system equations of motion with a damping term. A 
quadratic eigenvalue problem of a damped system is formed to study the effects of the twist angle, the size and location of the 
damped segment on the eigenfrequencies of the twisted beams. 
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1. Introduction 
Vibration analysis of the beam structure is important in the machine and structure design for better understanding 
the dynamic behavior of beam systems. Because damping has a profound influence on vibration and vibration 
control of beam structures, the effects of internal and/or external lumped or distributed damping had been 
extensively studied [1-5]. Recently, the vibration of elastic systems with Kelvin-Voigt damping had been analyzed 
by many investigators [6-10]. Due to their important applications in various engineering fields, the dynamic behavior 
of the twisted beam structures, such as turbine blades and fluted cutters, had been investigated in the past years by 
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using Euler beam theory [11-13] or Timoshenko beam theory [14-18]. However, the vibration characterization of 
twisted Timoshenko beams with locally distributed Kelvin-Voigt damping has not yet been reported. 
The present work tends to study the vibration characterizations of a cantilevered twisted Timoshenko beam with 
partially distributed internal damping of Kelvin-Voigt type. Based on a finite element approach, the system 
equations of motion of the damped twisted beam are derived. Then, a quadratic eigenvalue problem is formulated to 
study the free vibration behavior of the cantilevered twisted beam having a local damped segment with Kelvin-Voigt 
damping. The effects of the twist angle, the size and location of the damped segment on the eigenfrequencies of the 
cantilevered twisted beams are investigated. 
 
Fig. 1 Beam configuration and coordinate systems 
2. Problem formulation 
In the present study, a cantilevered twisted Timoshenko beam with locally distributed Kelvin-Voigt damping is 
considered as shown in Fig. 1. Z1 and Z2 are coordinates of the damped segment of the twisted beam, which are used 
to define the length Ld = Z2 - Z1 and the position Lg = (Z1 + Z2)/2 of the damped segment. Coordinate system XYZ 
denotes the inertial coordinate frame. The axes [ and K of the twist coordinate frame [KZ are in the principal 
directions of the beam cross-section. The bending vibration equations of motion of such a twisted beam are readily 
derived by applying Hamilton’s principle to the Lagrangian (L) of the beam system. 
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where T is the total kinetic energy; V is the potential energy; GWd is the virtual work due to the Kelvin-Voigt 
damping. They are represented by the following expressions. 
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Here R is the proposed dissipation function of the twisted beam at any time instant based on the model by Kocatürk 
and Şimşek [7]. Parameters Kb and Ks denote the proportionality constants of the internal damping of the beam in 
bending and shearing, respectively. In this work, the partially distributed internal damping is considered so Kb and Ks 
assume the subsequent forms. 
))()(( 21 ZZHZZHbb  KK                 (6a) 
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The partial differential equations of motion of the investigated twisted Timoshenko beam in the twist frame can 
be directly obtained by substituting Eqs. (2)-(6) into Eq. (1) and using the transformation relationship [18] between 
the inertial and twist coordinates. Then a finite element method [18] is used to reduce the governing partial 
differential equations into a set of ordinary differential equations by using the Mindlin-type linear beam element 
with eight degrees of freedom. The displacement function of the beam element can be expressed as 
°°
°°
°
¿
°°
°°
°
¾
½
°°
°°
°
¯
°°
°°
°
®
­
»»
»»
¼
º
««
««
¬
ª
  
°°¿
°°¾
½
°°¯
°°®
­
 
2
2
2
2
1
1
1
1
21
21
21
21
)()(
000000
000000
000000
000000
)()(
K
[
K
[
K
[
K
[
K
[
K
[
M
M
M
M
M
M
u
u
u
u
NN
NN
NN
NN
z
u
u
z ee pNd
             (7) 
Here shape functions N1 = 1 – z/Le and N2 = z/Le, and Le is the beam element length. u[, uK, M[ and MK are transverse 
displacements and angles of rotation of the twisted beam element.  
Substitute the displacement function (Eq. (7)) into the weak form of the governing partial differential equations 
and apply Galerkin’s criterion to yield the resulting beam element equations. 
0pKpCpM (e)(e)(e)(e)(e)(e)                                                         (8) 
M(e), C(e) and K(e) are the element mass matrix, element damping matrix and element stiffness matrix, respectively. 
Then directly assembling the element matrices and imposing the essential boundary conditions yield the global 
system of equations of the damped twisted Timoshenko beam as  
0KppCpM                                                 (9) 
where M, C and K are the corresponding global matrices. Introducing p = eZtq into Eq. (9) leads to the quadratic 
eigenvalue problem. 
0qKCM   ][ 2 ωω                                                             (10) 
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(b) 
Fig. 2 Effect of damped segment size on mode 1 eigenfrequency of cantilevered twisted beams with different twist angles: (a) absolute real part 
and (b) imaginary part. 
 
(a) 
 
(b)
Fig. 3 Effect of damped segment size on mode 2 eigenfrequency of cantilevered twisted beams with different twist angles: (a) absolute real part 
and (b) imaginary part. 
where q is a constant vector and Z is the eigenfrequency associated with the damping system. In the next, Eq. (10) is 
used to study the influence of the twist angle, the damped segment size and location on the eigenfrequencies of the 
cantilevered twisted Timoshenko beams with locally distributed Kelvin-Voigt damping. 
 
3. Results and Discussions 
The material and geometric properties of the investigated twisted beam are E = 200 Gpa, Q= 0.3, U = 7860 kg m-3, 
L = 0.2 m, b = 0.04 m, h = 0.02 m, N = 5/6 andKb = Ks =10-4 s. Generally, the eigenfrequency Z is a complex 
number for the damped beam. It has a real part and an imaginary part, which is denoted as Re(Z) and Im(Z) 
throughout the study. The real part is associated with the decay rate of free vibration of the damped system and the 
imaginary part is related to the damped oscillation frequency.  
Figs. 2 and 3 present the effect of the size of the damped segment on the mode 1 and mode 2 eigenfrequency of 
cantilevered twisted beams with various twist angles, respectively. The size Ld/L of the damped segment varies from 
0.1 to 0.9 and its central position is kept at Lg/L = 0.5. The increasing twist angle decreases the absolute real 
(damping) part of mode 1 eigenfrequency and increases that of mode 2 eigenfrequency as 0 < Ld/L ̰ 0.5, but it has 
an opposite tendency when Ld/L > 0.5. However, with the increase in twist angle, the imaginary (oscillating) part of 
mode 1 eigenfrequency increases but that of mode 2 eigenfrequency decreases regardless of Ld/L. The absolute real 
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part of mode 1 and 2 frequency increases continuously when the length of the damped segment increases. With the 
increase in Ld/L, the imaginary part for both modes increases firstly and then starts to decrease when Ld/L Њ 0.6. As 
can be seen, the damped segment length has a significant impact on the absolute real part but has a minor effect on 
the imaginary part. The eigenfrequency of the twisted beam with a larger size of damped segment always has a 
greater absolute real part. Hence, the system response of such a beam system will decay toward zero with time more 
quickly. 
Figs. 4 and 5 present the effects of the location of the damped segment on the mode 1 and mode 2 eigenfrequency 
of cantilevered twisted beams with different twist angles, respectively.  The damped segment size Ld  is taken to be 
0.2L and its central position Lg/L varies from 0.1 to 0.9. When the twist angle increases, the absolute real part of 
mode 1 eigenfrequency increases and that of mode 2 eigenfrequency decreases when 0 < Lg/L ̰ 0.4. However, the 
increasing twist angle shows an opposite effect on the absolute real part of mode 1 and 2 eigenfrequency as Lg/L > 
0.4. The absolute real part of mode 1 and 2 frequency decreases with the increasing Lg/L. When Lg/L increases, the 
imaginary part of both modes increases shortly and begins to reduce as Lg/L Њ 0.2. However, the increasing Lg/L 
has a minor impact on the imaginary part of eigenfrequencies. Similarly, the absolute real part of eigenfrequencies is 
significantly affected by the position of the damped segment. The twisted beam with damped segment positioned 
near to the fixed end has the higher absolute real part. When the damped segment is located near the free end of the 
beam, the absolute real part diminishes abruptly and approaches zero. Thus, to assure a better damping effectiveness, 
the damped segment should be positioned close to the fixed end of the cantilevered twisted beam. 
 
 
 
(a) 
 
(b) 
Fig. 4 Effect of damped segment location on mode 1 eigenfrequency of cantilevered twisted beams with different twist angles: (a) absolute real 
part and (b) imaginary part. 
 
(a) 
 
(b) 
Fig. 5 Effect of damped segment location on mode 2 eigenfrequency of cantilevered twisted beams with different twist angles: (a) absolute real 
part and (b) imaginary part. 
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4. Conclusion 
Based on the results discussed earlier, some conclusions are addressed as follows. The increasing twist angle 
always increases the imaginary part of mode 1 eigenfrequency and decreases that of mode 2 eigenfrequency. 
Depending on the size and location of the damped segment, the increasing twist angle might decrease or increase the 
absolute real part of eigenfrequencies. The size and location of the damped segment significantly affects the 
absolute real part of eigenfrequencies of the cantilevered twisted beam. With the increase in damped segment length, 
the absolute real part increased. The absolute real part increases when the damped segment is located near the fixed 
end. The imaginary part of eigenfrequencies is slightly affected by the length and position of the damped segment. 
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